Abstract-A new model is presented for a step-index fiber in the form of an equivalent slab guiding structure. This model simplifies the analysis of fiber directional couplers and coupler half-blocks with dielectric and metallic superstrates. Simple empirical formulas to obtain the model parameters are also given. The use of this model is illustrated with some numerical examples.
I. INTRODUCTION S
INGLE-MODE fiber directional couplers made by mechanical lapping (usually known as polished couplers) have lately been a subject of extensive study [1] - [5] . A single-mode fiber mounted in a slot made on a substrate is polished so that most of the cladding from one side is removed and the evanescent field of the guided mode can be reached. Such a structure is known as a coupler half-block. One such half-block placed on top of another half-block makes a directional coupler. The unavoidable space between the two blocks ( =0.1-0.2 ^m thick) is filled with some liquid which provides both index matching and lubrication (or cementing). It is also possible to introduce a buffer layer of suitable material to alter externally the coupling properties of the coupler. Single coupler half-blocks can also be put to use as attenuators, polarizers [6] , [7] , etc., when a suitable medium is made to interact with the reaching-out evanescent field of the mode.
The analysis of directional couplers is usually based on coupled mode theory [8] - [10] which gives an approximate analytical expression for the coupling length. However, using this approach, it would be extremely difficult (and, to the best of our knowledge, no such analysis exists) to take into account the effect of a thin, unavoidable or intentional, buffer layer which could be a dielectric (air, index matching liquid, etc.), or a special purpose material such as metal or electrooptic material. We have developed Manuscript received June 9, 1988 ; revised May 24, 1989 , and August 7, 1989 . The work was supported in part by a jointly sponsored research project of the U.S. National Institute of Standards and Technology and the Department of Science and Technology, India. The work of J. Kompella was supported by a research fellowship from the Council of Scientific and Industrial Research, India.
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a simple model for single-mode fibers which is suitable for analyzing directional couplers, with or without a buffer layer, and polished coupler half-blocks. Our model is based on finding a dielectric slab waveguide which is approximately equivalent to the fiber with regard to relevant propagation properties. Since the coupling properties of a slab directional coupler are known exactly [11] , the equivalent slab coupling geometry provides a simple means to study the properties of the fiber coupler, including the effect of a buffer layer. Further, the influence of an external medium, dielectric or metal, on the propagation characteristics of a coupler half-block can also be studied effectively using our model. In Section II, we briefly discuss existing methods for the analysis of directional couplers and coupler halfblocks, giving their merits and limitations. In Section III, we discuss the basis of our equivalent slab model and give simple empirical formulas to obtain it. A detailed and more precise method of obtaining the equivalent slab is included in the Appendix. The analysis and the results for fiber directional couplers are given in Section IV. The effect of a buffer layer in a polished coupler is the subject of Section V, while the coupler half-blocks are treated in Section VI.
II. EXISTING METHODS
The interaction between two coupled parallel dielectric waveguides has generally been analyzed using the coupled mode theory which is based on the perturbation approximation. Using this approach [12] , we can obtain the coupling coefficient of a fiber directional coupler by calculating the overlap integral of the field of one fiber with the field of the second fiber taken over the cross section of the second fiber. The coupling coefficient decreases approximately exponentially with increasing distance between the fiber cores since the cladding field decreases nearly exponentially away from the core. The perturbation theory works well in this case, since the evanescent field of the first fiber is small over the core of the second fiber and the index difference between the core of the second fiber and the surrounding cladding is also very small. However, when this approach is used for a fiber directional coupler with a buffer layer, the results suggest that the coupled mode/perturbation theory cannot be applied JOURNAL OF LIGHTWAVE TECHNOLOGY, VOL. NO. FEBRUARY 1990 in this case. In such a case the net perturbation is a sum of two overlap integrals-the first being the same as described above and the second being the overlap integral of the evanescent fields of the two fibers in the buffer region. Thus the total coupling coefficient is given by
and A is proportional to the overlap integral of the field of one fiber with that of the second over the core of the second fiber and B is proportional to the overlap integral of the two fields in the buffer region, and n 0 , n cl , and n b are core, cladding, and buffer refractive indices, respectively. We have seen that even for moderate deviations of n b from the cladding refractive index n cl we get totally unreasonable values of coupling coefficients. In fact, when the buffer index is less than the cladding index, the term C b is negative and can be larger in magnitude than C o , leading to a negative coupling coefficient. This can also be understood by considering the symmetric and the antisymmetric supermodes of the combined structure. The buffer layer perturbs the propagation constants /3 S and (3 a of the two modes. Now since, in the buffer layer, the power of the symmetric mode is considerably more than that of the antisymmetric mode, the effect of perturbation is more on @ s than on /3 a . In the case of negative perturbation (i.e., n b < n cl ), this correction reduces j3 s to a larger extent than /3 a . In the case of moderately large perturbations, the corrected & turns out to be smaller than (3 a , leading to a negative coupling coefficient. This is obviously unphysical and suggests that the coupled mode/ perturbation approach cannot be applied to directional couplers with a buffer layer. Similar arguments also show that this approach cannot be used to analyze a polished coupler half-block in which the cladding is limited by a semi-infinite medium of uniform index.
Vassallo [13] has developed a rigorous numerical method for obtaining the scalar modes in fibers with cladding limited by a plane. The method requires extensive computations. Vassallo [14] has also developed an asymptotic approach to this problem which is also based on perturbation approximation and is limited in accuracy.
III. EQUIVALENT SLAB MODEL FOR SINGLE-MODE STEP-INDEX FIBERS
We consider a step-index fiber which is described by n (r) = n\, r < a = n 2 , r > a (1) where a is the core radius and n x and n 2 are refractive indices of the core and cladding, respectively. This fiber is the basic guiding element in directional couplers and coupler half-blocks. We seek an equivalent guiding slab structure for this fiber. The slab model provides a simple means to study the properties of fiber devices like directional couplers and coupler half-blocks where the axial symmetry is broken. The slab model helps to take into account the influence of an external medium, dielectric or metal, on the propagation characteristics of the fiber. The equivalent slab is obtained in the form of a stepindex slab waveguide and the basis for this equivalence is that the modal field variation in the direction of interaction and propagation constant for the fiber are matched, as closely as possible, by the modal field variation and the propagation constant of the equivalent slab waveguide. The method of finding the equivalent slab is based on the variational method; the details are provided in the Appendix, where the inherent accuracy of the model is also discussed. Here, we give the highly accurate empirical formulas describing the equivalent slab obtained using the detailed procedure given in the Appendix.
As mentioned above, the equivalent slab is defined keeping in view the direction of interaction. Thus, if the coupling phenomenon of the fiber directional coupler is assumed to be along the x axis or if the polished surface of a coupler is taken parallel to the y-z plane, then the equivalent slab should have its parallel planes along the y-z plane; we term such a slab an x-slab. The index distribution of such an x slab equivalent to the given fiber is given by
where U = a\k\n\ -/3 2 , (3 is the propagation constant of the fiber mode, and p and a are obtained by using the procedure given in the Appendix. However, we have developed a simple empirical formula from the data obtained by using the procedure described in the Appendix. Thus,
where V = k o a\/n 2 -n\ and the maximum errors in the empirical fit in the range 1.5 < V < 2.5 are as follows:
(a) emr = 0.008 percent.
The value of U to be used in (2) can also be obtained from the well-established empirical formula [15] :
The error in this formula is less than 0.1 percent in the aforementioned range. Thus, knowing V and a of the given fiber, we can easily compute p, a, and f/and define *For the calculation of these quantities, we have used n, = 1.46786, a = 3.0 fim, and X = 1.3 /mi. the equivalent slab. Some values are included in Table I as an example.
IV. DIRECTIONAL COUPLERS
A directional coupler consisting of two parallel stepindex fibers can now be equivalently replaced by a slab directional coupler, as shown in Fig. 1 . The relevant quantities of the fiber coupler and the equivalent coupler are defined in the figure, and the latter can be easily obtained using the empirical relations given in Section III. The coupling characteristics of a slab coupler can be obtained analytically [11] , and in the practically important case of weak coupling, one gets a simple analytical expression for the normalized coupling coefficient:
where j3 0 is the propagation constant of the mode of the isolated fiber and L co is the coupling length of the coupler. The accuracy of this simple expression, based on the slab model of the fiber, is illustrated in Fig. 2 , in which we have plotted the normalized coupling coefficient K 0 as a function of the normalized separation, d/a. For comparison, we have given the results obtained by using the exact modal field in the coupled mode formalism [8] . The error in the coupling coefficient is less than 5 percent. It may be mentioned here that by using a more accurate approximation for the modal field, such as the GaussianHankel approximation [16] , the accuracy can be improved only slightly, resulting in errors less than 3 percent [17] , however, at the cost of simplicity of the model and the ease in resulting computations. The Gaussian approximation, on the other hand, is very simple, but the accuracy obtained is extremely poor since the field in the cladding is grossly inaccurate in this model [18] . Another advantage of our slab model is that it can be used with great ease to study the effect of a buffer layer, as we show in the next section.
V. DIRECTIONAL COUPLER WITH A BUFFER LAYER
As mentioned previously, between two half-blocks constituting a polished directional coupler, there is normally a buffer layer of some dielectric material which may be unavoidable or may be intentionally introduced. Our model for a directional coupler discussed in Section IV can be easily modified to include the effect of such a layer. The modified equivalent slab coupling structure is shown in Fig. 3 , where 2f is the thickness of the buffer layer and n b is its refractive index. One can identify the following two important cases.
Case I. n b < n 2 : The eigenvalue equation for the propagation constants of the symmetric and the antisymmetric modes of the equivalent slab coupler can be easily obtained as follows. 
where j3 0 is the propagation constant of the isolated waveguide andp, q, and w are defined by (10) with ft and P a replaced by (3 0 . Thus, p is the same as that defined in (3) and
The normalized coupling coefficient K is then given by
where
represents the effect of the buffer layer and K 0 represents the coupling coefficient in absence of the buffer layer (t = 0) defined in (7).
Case II. n b > n x \ We now have an oscillatory solution in the buffer layer and we can obtain the eigenvalue equations for the symmetric and the antisymmetric mode in the form given in (8) and (9) (16) where p s a , q s a , and w sa are defined in (10) . Once again we solve the two eigenvalue equations (8) and (9) to obtain^ a with
and p is given by (3). The coupling coefficient can be calculated using (11) or (13) with T s and T a defined in (15) and (16) . Using the preceding results, we have carried out some numerical calculations to show the effect of the buffer layer on the coupling length L c of a fiber directional coupler, where the coupling length is related to the coupling coefficient as follows:
In our example, we have assumed n x = 1.46, n 2 = 1.4569, a = 2.26 /xm, and X = 0.6328 /xm. The effect of the buffer layer is shown in Fig. 4 , in which we have plotted L c as a function of the refractive index of the buffer layer for typical thicknesses 2? of the layer. The figure shows that the coupling length is very sensitive to the thickness and the refractive index of the layer, and this sensitivity increases as the separation between the cores of the two fibers increases. This high sensitivity and linearity of variation can be used to make a sensor. It is seen from Fig. 4 that coupling length decreases with increasing refractive index. However, for a large enough buffer refractive index, the structure supports more than two supermodes and therefore the analysis has to be modified to take into account higher modes. We have restricted ourselves to buffer indices and thicknesses that result in a directional coupler with two supermodes.
VI. FIBERS WITH CLADDING LIMITED BY A PLANE: POLISHED COUPLER HALF-BLOCKS
As mentioned earlier, a polished coupler half-block or a fiber with cladding limited by a plane has many applications in fiber devices such as in-line polarizers [6] , [7] , [19] , attenuators, etc. A rigorous theory for propagation characteristics of such fibers has been developed by Vassallo [13] which requires extensive numerical computation. He has also given an asymptotic theory [13] , [14] which is based on perturbation approximation. We use our model in this section to obtain the propagation characteristics of these coupler half-blocks covered by dielectrics or metals. The schematic of a coupler half-block is given in Fig.  5(a) , where n exl represents the medium which covers the flat surface of the coupler half-block, and this medium interacts with the evanescent field of the guided mode. The equivalent planar structure for a half-block is shown in Fig. 5(b) and the parameters n xU n x2 , and a are obtained from the empirical formulas given in Section III. The external medium could be either a dielectric medium or an absorbing medium (metal). The analysis and results in each case are given below.
A. Dielectric External Medium
When the refractive index n ext of the external medium is more than the core refractive index n 1; the mode becomes leaky, while if it is lower than the cladding index n 2 , the mode remains guided. Thus, the propagation properties in the two cases have to be treated separately.
1)
Guiding Structure (n ext < n 2 ): The guided mode of this structure would have slightly different propagation characteristics than the original fiber mode (or three-layer equivalent slab waveguide). The refractive index profile of the four-layer structure is shown in Fig. 5(c) . The wave equation can be solved in each layer, and the requirement of the continuity of the field and its derivative across the interfaces leads to the following transcendental equation for the propagation constant j3 of the fundamental mode: The values of u, v, and v' are related through the following equations:
The solution of the transcendental equation (19) gives the new value of /3, and the corresponding field distribution can be obtained easily. The results of some numerical examples are included at the end of this section.
2) Leaky Structure (n ext > n { ): In this case, the fourlayer structure becomes leaky and the propagating field has a complex propagation constant. The propagation constant of the leaky mode can be written as 0 = & r + iT (22) where /3 r is the real part of the propagation constant which would be slightly different from the propagation constant of the unperturbed fiber and T is the imaginary part, which represents the leakage loss of the mode. . Plot of (fi/k 0 -n 2 ) and loss (p.m ') as a function of n ext . The solid line shows the results of our method, the dashed curve shows the results of the asymptotic approximation [14] , and the crosses correspond to the exact results [13] , [23] .
The refractive index profile of the equivalent four-layer leaky structure is shown in Fig. 5(d) . Such a structure can be very elegantly analyzed using the approach developed by Ghatak [20] and Thyagarajan et al. [21] , [22] . The details are given in [22] and here we shall just quote the results:
and u and v are defined in (20) with /3 replaced by /3 0 . The simple analytical formulas given above can be easily used to obtain the propagation constant and the loss of the leaky mode once we know the /3 0 of the unperturbed fiber and its equivalent slab structure. The numerical results at the end of this section illustrate the accuracy of our model for these calculations.
B. Metallic External Medium
In the case of a metallic external medium, the refractive index n ext is complex and the four-layer structure is lossy. Once again we follow the analysis of [22] to analyze this structure. Since we are using the scalar analysis, our results are applicable only to TE-polarized guided mode.
The propagation constant is complex and its real and imaginary parts are given by 
and all other quantities are defined above. The term T gives the absorption loss.
C. Numerical Examples
In order to illustrate the effectiveness of our model for the analysis of coupler half-blocks, we give here the results of some numerical examples. We have chosen the following parameters: n c0 = 1.46786, n cX = 1.46, a -3.0 £un, and X = 1.3 ^m. The results are shown in Fig.  6 . The exact results have been provided by Vassallo [23] . The figure shows that our model gives better results than the asymptotic approximation for the n ext < n 2 case. For Table II summarizes the results obtained in the case of a metallic external medium (n ext = 1.2 -/7.0). In this case also, the results obtained using our model are fairly close to the exact numerical results. It must be mentioned here that the degree of accuracy specified in Vassallo's results was not enough since the last digit in loss values was not specified and hence a proper inference of the accuracy of our method in comparison with the asymptotic method cannot be made. However, as mentioned in [13] , and as seen from the In this paper we have presented a new simple model for a step-index fiber for the purpose of analyzing directional couplers and coupler half-blocks. The model replaces the fiber by an equivalent slab waveguide and is therefore particularly useful for analyzing fiber directional couplers with a buffer layer, and coupler half-blocks with dielectric and metallic superstrates. We have illustrated the applicability and accuracy of this model with some examples.
APPENDIX BASIS OF EQUIVALENCE OF SLAB WITH FIBER
The basis for equivalence is that we match, as far as possible, the modal fields in the direction of interaction and the propagation constants for the fiber and its equivalent slab guiding structure. We first obtain an approximation to the modal field which is then used to determine the core cladding index difference of the equivalent slab waveguide. We begin by choosing a trial modal field of the following form:
where ^ (x, y) is the field of the fiber and ^f x and ^f y are the scalar modes of the two slabs with index variations along the x and y directions, respectively. In particular, we choose the following functional form for ¥ x :~t where r = VJC 2 + y 2 is the radial variable and k 0 = co/c is the free-space wavenumber. ty y also has the same functional form. The form of trial field chosen is such that both V x and ¥ y correspond to the exact scalar modal field of some slab waveguide which can be defined once p and a are known. Substitution for V(x, y) from (29) and (30) into (31) leads to an expression for (3 1 in terms of p and a. The value of /3 2 is then maximized with respect to p and a using a standard optimization routine.
In order to illustrate the accuracy of this approximation, we have included here some numerical results. In Fig. 7 , we have plotted the exact normalized field of a step-index fiber as a function of the normalized distance x/a for the normalized frequency V = 2.0 along with the normalized fields obtained using our approximation and the commonly used Gaussian approximation [12] , [18] . The figure shows that our approximation is fairly good and is better than the Gaussian approximation. Another measure of accuracy for any variational approach is the accuracy obtained in the estimation of the propagation constant. In Fig. 8 , we have plotted the error in the value of the normalized propagation constant U as a function of the normalized frequency V. The figure shows that our approximation estimates the value of U within 1 percent of its exact value and is consistently better than the Gaussian approximation. The accuracy obtained in the propagation constant (and the field) is, of course, not as good as that 2 for a step-index fiber using our approximation (continuous curve) and Gaussian approximation (broken curve).
obtained using other non-Gaussian models such as the Gaussian exponential [24] , Gaussian-Hankel [16] , double Gaussian [25] , etc. However, the ease of its application to structures like directional couplers and the fairly good accuracy obtained for the modal field make our approximation attractive for obtaining propagation characteristics of directional couplers and coupler half-blocks.
Since ^x(x) and ^y(y) correspond to the exact scalar modes of the step-index slab, we can define the x and y slabs from them. The x slab is thus given by 
It may be noted that values of n xl and n yX cannot be determined from the field variation, since under the scalar approximation the field variation is completely determined by the relative index alone. The value of n xl (or n yX ) can be determined when one more condition for equivalence of the slab and fiber is imposed: the condition of matching the axial propagation constant. Suppose we are interested in the interactions on the y-z plane, then it is necessary to use the x slab, which has a dielectric interface in the y-z plane. The mode in this slab has a transverse phase constant p which closely approximates the fiber-mode phase constant along the x axis. The evanescent tail of the x slab mode closely approximates the evanescent tail of the fiber mode. If we make the axial propagation constant of the x-slab mode equal to that of the fiber mode, then the x slab would be equivalent to the fiber in both field variation and propagation characteristics as far as the interactions across the y-z plane are concerned. The equivalent x slab then has an index distribution as defined in (2) .
